



















Spectral index and its running with deviation from the “slow-roll”
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Abstract
A deviation from the slow roll may shift the spectral index and its running.
Such a deviation is very generic in inflationary models since the slow-roll equation
is not the exact solution of the field equation. We calculate the spectral index and
its running with non-vanishing deviation parameter, showing that the deviation
parameter is a “hidden” parameter of the standard calculation. A running spectral
index scenario in which the spectral index runs from blue (n > 1) on large length
scales to red (n < 1) on short length scales is examined.
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1 Introduction: hidden parameter in the standard
spectral index calculation
In this paper we will follow the calculation presented in a standard textbook [1]
using the same notation whenever possible, since other textbook authors use a similar
calculation.
The primordial curvature perturbation Rk is equal to −(H/φ˙)δφk which is evaluated
at the epoch t∗, a few e-folds after horizon exit when the vacuum fluctuation for each
Fourier component φk can be regarded as a classical quantity with an almost constant










which is evaluated at the epoch of horizon exit, k = aH .
The spectral index n(k) is defined as
n(k)− 1 ≡ d lnPR
d ln k
. (1.2)
We can work out the derivatives using d ln k = Hdt, which is derived from k = aH with
the assumption that during inflaton H˙/H is negligible compared with a˙/a. Without the
slow-roll conditions, the spectral index is calculated as












Then, using the scalar field equation
φ¨+ 3Hφ˙+ Vφ = 0, (1.3)
we find













where the dimensionless parameter x ≪ 1, which measures the deviation from the slow-
roll, is defined by
x ≡ φ˙− φ˙s
φ˙s
. (1.5)
Here φ˙s ≡ − Vφ3H is the usual “slow-roll velocity” of the inflaton field φ. Of course the
slow-roll equations
φ¨s = 0 (1.6)
or
φ˙s ≡ − Vφ
3H
(1.7)
are not the exact solutions of Eq.(1.3) in the sense that the time derivative of Eq.(1.7)
does not satisfy the slow-roll equation (1.6), except for a specific potential V (φ) ∝ φ2
where φ˙s becomes a constant.
If the actual velocity φ˙ is equal to φ˙s, the dimensionless parameter x vanishes in
Eq.(1.4). Using φ˙ = φ˙s to reduce the other terms in the equation we obtained the
spectral index











is the usual slow-roll parameter. One might suspect that our calculation is utterly wrong
since our result looks different from the “standard” result obtained in the textbook [1].
To understand why such a discrepancy appears in the above calculation, we will consider
a specific potential V (φ) ∝ φ2. As we have mentioned above, only for this specific
potential the slow-roll equation (1.7) together with its time derivative satisfy the scalar
field equation (1.3). In this sense the slow-roll equations are “good” equations for the
scalar field φ. One can see that the two calculations (n − 1 = −4ǫ in Eq.(1.8) and
n − 1 = −6ǫ + 2η presented in the textbook) are consistent for this potential since they
eventually give the identical result n(k) − 1 = −4ǫ. Otherwise, the two calculations
are not consistent. More specifically, following Eq.(1.4) the standard result is obtained
by introducing a small deviation from φ˙ = φ˙s, which is measured by the dimensionless
parameter




Our conclusion is that to obtain the “standard” result we have to introduce explicit devia-
tion from the “slow-roll”. Hence, we cannot help thinking; “What is wrong with the above
calculation?” One will see eventually that nothing was wrong with the textbook calcu-
lation. We will show later that the above deviation (1.10) corresponds to the attractor
solution in the sense that dn/d ln k ≃ 0 for x ≃ (−ǫ+ η)/3.
In the above calculation we used the field equation to replace φ¨ and then applied
the slow-roll equation (1.7) for φ˙. Alternatively, one might consider a time derivative of
Eq.(1.7) to find “another” slow-roll equation for φ¨,













Of course φ¨s′ is not identical to φ¨s. Keeping this discrepancy (φ¨s′ 6= φ¨s) in mind, let us
go into more detail to find out how it is possible to reproduce the “standard” result. As
















where the right-hand equation should vanish if one considers the slow-roll equation (1.6).
On the other hand, instead of using the field equation (1.3) one might use “another”
















Applying the slow-roll equation (1.7), this equation gives the “standard” result that has










= 2η − 2ǫ, (1.14)
where η ≡ M2pVφφ/V is the standard slow-roll parameter. Only for a “good” potential
V (φ) ∝ φ2, does the right-hand side of Eq.(1.14) eventually vanishes. The important point
is that only the above “standard textbook-approximation” that is derived from “another”
slow-roll equation (1.11) leads to the textbook result n− 1 = −6ǫ+ 2η. Obviously there
is a hidden parameter in the calculation of the spectral index, depending on whether (1)
4
one uses Eq.(1.3) and (1.7) to obtain d ln(φ˙)
−2
d lnk
= 0, or (2) one uses “another” slow-roll
equation (1.11) to obtain d ln(φ˙)
−2
d ln k
= 2η− 2ǫ. This ambiguity is discussed in the textbook.
However the correction to the spectral index seems to have been estimated with the value










[1 +O(ξ)] , (1.15)
where ξ is some small parameter. Stewart presented in Ref.[2] that the O(ξ) terms in
Eq. (1.15) may not be approximately scale invariant, hence dn/d ln k can be of the same
order as n − 1. The Stewart’s arguments are very important to estimate the corrections
that may or may not appear from the O(ξ) terms. Although we presented our calculation
following the simplest (textbook) calculation since we think this is the easiest way to
understand the origin of the hidden parameter, our analysis can be extended to include
these corrections. The origin of the non-zero deviation parameter is in the usage of the
slow-roll equations (1.6), (1.7) and (1.11) which are not the exact solutions of the field
equation (1.3) except for a specific inflaton potential V (φ) ∝ φ2. The corrections that
have been discussed in Ref.[2] are related to the scale-dependence of the O(ξ) terms and
are obviously different from the ambiguity that we are discussing in this paper.
We can see from a simple calculation how the deviation from the slow-roll was intro-
duced in the textbook equations. Differentiating the slow-roll equation (1.7), we find[1]
φ¨s′
Hφ˙s′
= ǫ− η. (1.16)
If one uses this equation to replace φ¨ in the field equation (1.3), one will find
(ǫ− η)Hφ˙s′ + 3Hφ˙s′ + Vφ = 0. (1.17)
Solving this equation for φ˙s′, we find
φ˙s′ = − Vφ












Now it is easy to understand the origin of the deviation from the slow-roll, which was given
above by Eq.(1.10). As we have presented above, whenever one uses the slow-roll equation
(1.7) before differentiating the equation there is the risk of shifting φ˙ by x ≃ (−ǫ+ η)/3.
2See p.189 in Ref. [1].
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The shift appears everytime one differentiates the slow-roll equation. The “n-th another”













As we have discussed in this section, the actual ambiguity that may appear in the cal-
culation of the spectral index is O(ǫ, η), which seems too large to be used to examine
the observational evidences of the inflaton potential. However, the textbook calculation
presents a “good” approximation. In the textbook calculation the slow-roll equation (1.7)
has been used to obtain PR(k) = V24π2M4p ǫ . This equation was then differentiated to ob-
tain the spectral index, thus eventually the shift of the velocity is generated as is shown
in Eq.(1.18). This shift makes the textbook calculation a “good” approximation of the
attractor solution, as we will show later in this paper.
2 Deviation from the slow-roll
The use of the slow-roll is essential in deriving the equation for the primordial curvature
perturbation Eq. (1.1). Any deviation from the slow-roll may create the risk of modifying
the equation for the primordial curvature perturbation (1.1). However we will assume in
this paper that one can use the original equation (1.1) as far as the deviation is as small
as x ∼ O(ǫ, η). This assumption could be justified by lengthy calculation [1, 2], thus we
will focus on the leading term for simplicity. We will show explicitly how the deviation
parameter x appears in the spectral index and its running. The deviation parameter
x is a hidden parameter of the standard calculation, which may play crucial role if the
running of the spectral index does not vanish. Besides the small deviation |x| ≪ 1, a
large deviation x ∼ 1 might be possible if the evolution of the inflaton field when it is at
some given point on the inflaton potential depends on the initial conditions. Of course
the inflationary solution exhibits an attractor behavior, where the differences between
solutions for different initial conditions rapidly vanish with time. It should be noted
again that even if the Universe reaches the attractor solution, the deviation from the
slow-roll does not vanish since the slow-roll equations are not the exact solution of the
field equation. Moreover, φ˙ could be shifted from the attractor solution if the inflation
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potential has a gap. Hence, it is always very important to consider a small deviation from
the slow-roll. From the calculation of dn/d ln k, it will be clear that the attractor solution
(if it corresponds to dn/d lnk ≃ 0) is given by the deviation parameter x ≃ (−ǫ + η)/3,
which corresponds to the value implicitly assumed in the standard textbook calculation.
In the previous section we have disregarded the contribution from the kinetic energy
which appears in ρ = 1
2
φ˙2 + V . Including the kinetic energy, we find

















































= −4(x+ 1)2ǫ+ 6− 6
1 + x
≃ −4ǫ+ 6x. (2.1)
Again, we should note that the slow-roll equation (1.7) is not the exact solution of the field
equation (1.3); hence the small deviation from the slow-roll is very natural in inflationary
models.
The calculation of the running of the spectral index is straightforward. The leading























−3Hφ˙− Vφ − (ǫ− η)Hφ˙s′
φ˙s
− (φ˙− φ˙s)(ǫ− η)Hφ˙s′
φ˙2s
]








Neglecting the higher order terms we find
dn
d ln k
≃ −18x− 6(ǫ− η). (2.3)
The above result is quite a contrast to the standard textbook result. The running of the
spectral index vanishes for the deviation parameter in Eq.(1.10).
Finally, we will comment on the possible observational evidences for the inflaton po-
tential. If the origin of x 6= 0 is simply due to the difference between the slow-roll equation
(1.7) and the attractor solution, one can identify the inflation potential. On the other
hand, if the deviation parameter x 6= 0 depends on the initial conditions, it becomes rather
difficult to identify the inflaton potential from the cosmological observations. However,
if the origin of x 6= 0 is mainly due to the initial conditions, x should have decayed with
time and hence there would be a strong running of the spectral index. Hence there is a
possibility that one can separate the effect of the initial conditions by using the running
of the spectral index. In any case, the deviation parameter x is an important cosmological







at k = 0.002Mpc−1, but the data[3] do not require the running spectral index and n < 1 is
favoured at k = 0.05Mpc−1. Applying our calculation and assuming that n and dn/d ln k
at k = 0.002Mpc−1 are determined by the deviation parameter, Eq. (2.4) leads to x ≃
0.008 at k = 0.002Mpc−1, while at k = 0.05Mpc−1 the data leads to the attractor solution
x ≃ (−ǫ + η)/3. What is important in our calculation is that the deviation parameter
x that was hidden in the standard calculation may play crucial role if the running of
the spectral index does not vanish. Since the deviation parameter x decays rapidly, the
standard textbook calculation would be the best way to examine the inflaton potential
with the data at k = 0.05Mpc−1. The gap in the inflaton potential could be an another
source of dn/d ln k 6= 0, which is not considered in the above calculation.
3 Conclusions and Discussions
As we have presented in this paper, the deviation from the “slow roll” is very important
in the calculation of the spectral index. The deviation from the “slow-roll” may be
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due to (1) the slow-roll equation not being identical to the attractor solution, or (2) we
are observing the fluctuation that was produced before the Universe had reached the
attractor solution. We calculated the spectral index with such deviation and found that
there is an important parameter that was hidden in the standard calculation. Then we
showed how the deviation parameter x appears in the calculation of the spectral index
and its running. The deviation parameter x is an important cosmological parameter that
should be determined by cosmological observations and numerical calculation. Our result
suggests that there could be a small deviation x ≃ 0.008 at k = 0.002Mpc−1.
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